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The effective Lagrangian of a point charge is derived by eliminating the electromagnetic field 
within the framework of the classical closed time path formalism. The short distance singularity of 
the electromagnetic field is regulated by an UV cutoff. The Abraham-Lorentz force is recovered and 
its similarity to anomalies is underlined. The full cutoff-dependent linearized equation of motion is 
obtained, no runaway trajectories are found but the effective dynamics shows acausality if the cutoff 
is beyond the classical charge radius. The strength of the radiation reaction force displays a pole in 
its cutoff-dependence in a manner reminiscent of the Landau-pole of perturbative QED. Similarity 

. . . between the dynamical breakdown of the time reversal invariance and dynamical symmetry breaking 

CO , is pointed out. 
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I. INTRODUCTION 



o 
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. Classical electrodynamics of point charges has an intrinsic length scale, the classical charge radius ro — /mc?, 
'"^ ' separating the well known classical domain from an unusual classical world, hidden behind quantum effects. Never- 
, theless it is an intriguing question how this classical world of point charges would look like in the absence of quantum 
■ mechanics. The attempts to uncover the dynamics around of or beyond to the crossover scale, tq, are rendered difficult 
by the current state of understanding of the radiation reaction force [1] , an important ingredient of the electromag- 
netic interaction at these scales. The problem comes from the singularity of the electromagnetic field (EMF) in the 
point-like limit of the charges and appears as an the instability, generated by the Abraham-Lorentz force, the runaway 
solution [2]. 

1^ ' A simple, systematic derivation of the radiation reaction is presented here by working out the effective dynamics 
of a single point charge. The singularities of the point charge limit are regulated by smearing the interactions within 
an invariant length an UV cutoff, and the dissipative nature of the radiation reaction force is handled by an 
\ extension of the variational method of classical mechanics, by recasting Schwinger's the Closed Time Path (CTP) 
^ formalism [3]. Thought this scheme has already been applied in a number of problems its advantages and power 
has not yet been exhausted. It has been used to find relaxation in many-body quantum systems [5], to generate 
perturbation expansion for retarded Green functions in quantum field theory [6], to find manifestly time reversal 
invariant description of quantum mechanics [7], to describe finite temperature effects in quantum field theory [8], to 
• , find the mixed state contributions to the density matrix by path integral [9], to describe non-equilibrium processes 
' [10], to derive equations of motion for the expectation value of local operators [11], and to describe scattering processes 
' with non-equilibrium final states [12]. This scheme, used here in field theory [4], provides a compromise which on the 
I one hand, preserves the functional formalism of the variational principle, a natural way to introduce Green functions 
• • ] and perturbation expansion, and on the other hand, it allows the imposition of initial conditions and dissipative forces. 

The well known expression of the Abraham-Lorentz force is recovered in the calculation, together with the usual, 
UV divergent mass renormalization in the limit ^ — > 0. The linearized nonlocal equation of motion is derived for a 
$^ I point charge by retaining the full cutoff dependence. It is pointed out that we do not possess all data necessary to 
solve an initial condition problem and the solution is constructed in terms of the retarded Green function. The mode 
which drives the usual runaway solution is absent and the motion is causal for £ ^ vq. For sufRciently small values 
of £ unstable modes appear but they do not lead to runaway solutions because the retarded Green function relies on 
the unstable modes in the acausal regime where these modes are bounded. 

The organization of this paper is the following. Section II introduces the CTP formalism in classical field theory 
which gives a systematic definition of the retarded Green function in classical effective theories. The way the time 
arrow is generated by the environment, irreversibility, acausality arise and the runaway solution is avoided are the 
subject of Section III. Section IV contains the derivation of the effective equation of motion. Finally, the summary 
of the results is presented in Section V. Some details about the CTP Green function are collected in Appendix A. 



II. CTP 



An extension of the variational method of classical mechanics is needed to cover dissipative forces in a functional 
framework where the solution of initial condition problems can be found by means of a systematically derived retarded 
Green function. We consider a classical system described by the coordinate x, governed by the Lagrangian L{x,x). 
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A solution of the equation of motion for ti < t < tj is usually identified by imposing auxiliary conditions, such 
as x{ti) = Xi and x{tf) = Xf. Can we replace these boundary conditions with the initial conditions x{ti) = Xi, 
x{ti) = Vil The problem is that the equation of motion must then be imposed at the final time and it cancels the 
generalized momentum. This condition can be avoided by constructing a particular trajectory, x{t), for twice as long 
time interval, <i < 2{tf — ti) which satisfies the desired initial conditions. The particularity of the trajectory is 
that a time reversal transformation is performed aX t — tf — ti, first the change x{tf — ti) — t- -~x{tf — ti) is performed 
and then the same equation of motion is solved backward in time. The motion stops aX i = 2{t f — ti) when x arrives 
at the time reversed initial conditions. A more convenient book-keeping which is used below consists of a formal 
reduplication of the degrees of freedom, x ^ x ^ where the members of the CTP doublet are defined for 

ti <t <tf as x~^{t) = x{t — ti) and x~{t) = x{2tf — ti — t). 

It will be important to distinguish true time reversal transformation from a formal reparametrization of the motion 
because the auxiliary conditions are handled differently. Both involve the reversal of the direction of time in the 
equation of motion and the exchange of the initial and final time, ti O tf, in the auxiliary conditions. The values 
of Xi and Vi are transformed clS Xi y f 

and Vi — )• —Vf in time reversal and the solution changes if the equation of 
motion is not time reversal invariant. In the time reversed reparametrization the values of Xi and Vi are adjusted to 
recover the same trajectory in reversed time, irrespectively of the time reversal properties of the equation of motion. 



A. Finite time motion 



The variational principle is based on the action 

ScTp[x\ = ^ ' dt[LcTp{x+{t),x+{t)) - L*cTp{x-{t),x-{t))], (1) 

where RbLctp = L is the original Lagrangian. The variation is within the set of trajectories defined by the auxiliary 
conditions, namely both members of the CTP doublet satisfy the same intial conditions, x^{ti) = Xi, x^{ti) = Vi, 
and the constraint 

x+{tf)=x-{tf). (2) 

This latter assures that the boundary term, arising in the calculation of the equation of motion from the variation at 
the final time cancels. The opposite signs in front of the two Lagrangians is to render the variational equation trivial, 
= 0, at the final time as far as the real part of the action is concerned. If the original Lagrangian were used for both 
trajectories then the CTP action would be degenerate for the CTP doublets x+ (t) = x~ (t) . This degeneracy can be 
lifted by introducing an infinitesimal difference between the forward and backward running dynamics in time. The 
simplest difference, introduced between the two time axis which switches off adiabatically the auxiliary conditions in 
the limit tf — ti ^ oo as expected corresponds to 

LcTp{x, x) = L{x, x) + ^x'^ (3) 

and the limit e — )■ is supposed to be performed after deriving and solving the variational equations of motion as 
in Feynman ie prescription in the quantum case. Note that the formal reparametrization of the motion, called CTP 
transformation below, generates Sctp ~^ctp ^^'^ preserves the equation of motion. 

B. Green function 



To find the Green function we consider a harmonic system, defined by the action 

^xit)Kx{t)+jit)x{t) 



(4) 



ScTp[x] ^ J 

and the CTP Green function, D = yields the trajectory 

x{t) = - [ dt'D{t,t')j{t'), (5) 



written as x = —Dj in condensed notation. The O (e) term in the CTP action makes the null-space of K trivial and 
its inverse, D, well defined. 
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The CTP transformation, Sctp ~Sctp^ under time reversed reparametrization requires the block structure 

'K'^ + iKi -Kf + iK'^\ 
^Rf + iK\ -K'^ + iK{) 

where K\, K2, -ft'" and are real functions and 

denotes the CTP "metric tensor" .It is easy to see that the inverse has a similar block structure, 



Df + iDi -i?" + iD\ 

including four real functions Dl, D\, D" and . The quadratic form (6) and its inverse (8) are symmetric, D*"^ = D, 
therefore the relations {D\f = D\, {b\f = D\, (£»")*'■ = D", (£»/)*'• = -Df follow. 

Though we introduced two independent sources, j = to diagnose the forward and backward moving part 

of the dynamics independently, the physical external source corresponds to the particular choice j = (j, —j). The 
solution of the equation of motion can be written as 

= - E r dt'D^^\t,t')a'3{t') (9) 



in this case and to find a cr-independent solution we need the identity 

D++ + D— = D-+ + D+- (10) 

which imposes D\ = D2, 

\Df + iD' -D" + iDy' ^ ^ 

The retarded and advanced Green functions arc defined as = D" ± D-^. Causality, the effect of an external 
perturbation appearing after the time of the action of the perturbation further reduces the number of independent 
functions and requires D^{t,t') = e{t — t')D'^{t,t'). It is advantageous to define the retarded and advanced combina- 
tions of the quadratic form of the action, K'^ = K"- ± Rf and elementary algebra gives the relations [13] 

and Kl^K'2= with 

= -D'-^DW"-'^. (13) 

The choice of the imaginary part of the action remains free in classical physics for this part of the Green function 
controls quantum fluctuations only. The explicit calculation of the Green function is outlined in Appendix A. Time 
reversal flips the direction of the time in which the external source is visited during the motion and it is represented 
by the transformation D{x,x') D{Tx,Tx'), where T{t,x) = {-t,x) and induces -D^ , -f^ D°- and 

-s- -Rf. 



C. Infinite time motion 



The action (1) and the auxiliary conditions describes the dynamics in a finite time interval and its Green function is 



not invariant under translations in time. The extension of the action principle is not obvioiis for t j 



00 because 



the auxiliary condition (2) must be preserved or else the two members of the CTP doublets decouple. But the action 
can be constructed in this limit by first calculating the Green function for tf — ti ^ 00 and defining the quadratic 
form of the action as the inverse of the Green function. Let us consider a free scalar field, described by the action 



ScTp[4>] = / dx 



^^{x)R${x)+j{x)4>{x) 



(14) 
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The Green function is calculated in Appendix A and its inverse, given by Eq. (A24) leads to 

ScTP[<^] = 2 j J^i^^i-P)''P i-P)) [ -2teQ{p°) -p'+m' + ie) [^Ip) ) ' ^^^^ 

and K"^ = — rn? ^ = isign(p'')e and K"^ = e. 

Few remarks are in order at this point, (i) Translation invariance in time is recovered in (15) by the adiabatic 
switching off the auxiliary conditions by the imaginary part (3) of the action, (ii) Note the transmutation of the 
coupling between the two time axes: The identification of the final coordinates of the two members of the CTP 
doublet for the finite tf — ti is traded into a coupling of infinitesimal, O (e) strength for — oo < t < oo in the action 
(15). (iii) The trajectory, given by the retarded Green function in the limit tf — U ^ oo corresponds to the trivial, 
Xi = Vi = initial conditions, imposed in the distant past. 



D. Effective theory 

The effective system dynamics is generated by the elimination of the environment variables by means of their 
equations of motion and auxiliary conditions. This procedure is now followed in a functional formalism which allows 
us to identify the retarded Green function in a systematic manner, without adjusting the pole structure by hand. 

Let us introduce a system and environment coordinates, x and y, respectively and write the original multi-component 
coordinate as X = X(x, y). The effective system dynamics is found by following the usual procedure of quantum field 
theory: One introduces a book-keeping source, j, and constructs the Legendre transform 

W\j] = S[x,y] + j dm)x{t), (16) 

where S[x,y] = S[X{x,y)] and y satisfies the equation of motion SSlx^y]/ 6y = 0, equipped by some auxiliary 
conditions which make the solution unique. As a result, the equation 5W\j\/5j = x follows and the effective action is 
defined by the inverse Legendre transform, 

Seff[x] = W\j]- j dm)x{t). (17) 



The relation 

5Seff[x\ 



5x 



= -j, (18) 



suggests the interpretation of Seff [x] as effective system action. The construction makes it evident that this elimination 
is achieved by solving the equation of motion for the environment coordinates in (16) and recalculating the action 
in (17) in terms of the system coordinates. The advantage of the functional definition of the effective action is the 
simple definition of the effective Green function. 

The same procedure can be repeated within the CTP formalism where the CTP symmetry allows us to write the 
effective action as 

Sef f [x] = So [x+] -S^[x-] + Si [x] . (20) 

The definition of the infiuence functional Sj [9], the coupling the two time axes is rendered unique by imposing 

S'^Si[x+,x-]/Sx+Sx- j^O. 

It is illuminative to separate the system-environment interactions into two classes. An interaction is called closed 
if its energy-momentum distribution is localized in space-time around the system, for instance the Coulomb field of 
a charge or a polaron in solids. Such a localized interactions keep the system closed and can be represented as a 
renormalization of the system properties and contribute to Sq. The open interactions create environment excitations 
which leave the vicinity of the system. They render the system dynamics open, make the system energy-momentum 
non-conserved and give contributions to 5/. The distinguishing feature of the CTP formalism is this mapping of 
system-environment interactions into interactions in between two copies of the same physical system. This mapping 
generates system-environment entanglement in the quantum case. 
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III. TIME ARROW 

We address here the breakdown of time reversal symmetry and the causal structure furthermore the fate of un- 
bounded, runaway trajectories in effective theories. The effective dynamics where the time reversal invariance is broken 
dynamically by the environment is irreversible because dynamical symmetry breaking implies infinitely many weakly 
coupled environment degrees of freedom and allows the application of the methods of statistical physics. Causality is 
a logical relation, namely A is the cause of B if the appearance of A always leads to B. The runaway modes will be 
sought in harmonic systems where they grow exponentially in time. All these are related to the time arrow. 

A possible experimental determination of the time arrow is the application of an external perturbation which is 
localized in time: The time arrow is forward or backward if the response is found after or before the perturbation, 
respectively. The time arrow, established in this manner is relative, it is defined with respect to the flow of the proper 
time of the observer. The time arrow is set in our calculations of the trajectory of a local equation of motion by 
imposing initial or final auxiliary conditions. One may go in thought beyond experimental limitations and diagnose 
the calculated trajectory either by imposing opposite time arrows on different degrees of freedom or seek the dynamical 
generation of time arrows, independent of auxiliary conditions. 

A. Time reversal in effective dynamics 

The distinguishing feature of time inversion, compared to other space-time symmetry transformation is the im- 
portant role of auxiliary conditions in breaking time reversal invariance. Though this is an obvious issue for closed, 
autonomous dynamics, the fate of time reversal invariance is nontrivial in the effective dynamics of open systems 
where the auxiliary conditions of the undetected environment are build into the effective dynamics in an implicit 
manner. 

In fact, let us denote the system and environment coordinates by x and y, respectively, and suppose that they obey 
time reversal and time translation invariant equations of motion, 

x = F{x,y), y = G{x,y), (21) 

with separable initial conditions, f{x{ti), x{ti)) = g{y{ti),y{ti)) = 0. The effective system dynamics is then con- 
structed by first solving the environment equation of motion for an arbitrary environment trajectory, y = y[x,g], and 
then inserting this solution into the system equation of motion, 

x = F{x,y[x,g]). (22) 

Time reversal and time translations are realized in a nontrivial manner by the effective equation of motion due to 
the presence of the environment auxiliary condition g{y). Though trivial auxiliary conditions can be suppressed 
adiabatically for free system as in Eq, (15), interactions usually make the nontrivial auxiliary conditions important, 

eg. integrable dynamics. 

There is a simplification, acting for large enough environment, namely the relaxation to an equilibrium state. 
We perform in this case first the thermodynamical limit, N ^ oo where N denote the number of weakly coupled 
environmental degrees of freedom and after that the limit tj — U — > oo. Though the latter decouples the environment 
auxiliary conditions and restores time translation invariance nevertheless time reversal invariance may remain broken. 
An effective dynamics is called irreversible if its effective dynamics recovers time translation invariance but remains 
noninvariant under time reversal. Irreversible dynamics with relaxation displays runaway, self-accelerating solutions 
after (system) time inversion. 

We have no empirical basis for absolute time arrow or causality in the absence of a "control Universe" to compare 
phenomena in the presence or absence of an external perturbation. But relaxation to an equilibrium and irreversibility 
represent a practical approximation of the complicated system dynamics where the time arrow becomes absolute. It 
is based on the double limit limit TV — > oo and tf — ti — > oo which allows a stable time evolution in one direction 
of the time only and remains applicable up to time scales far beyond reasonable observation length. Though this 
approximation scheme yields a unique time arrow for infinite systems causality remains elusive for short time processes. 
This will be demonstrated within a simple harmonic toy model. 
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B. Toy model 



A simple but instructive toy model can be made for the system and environment coordinates, x and yn,n= 1,...,N, 
respectively, by introducing the Lagrangian [14] 



L=-x - 



mu), 



-JX 



E 



m .2 



(23) 



where w„ > and the bound J2n9n/^n < m \jq is required to have bounded potential energy and real frequency 

spectrum. We use the time arrow T = lorT = — Ito indicate that the trivial auxiliary conditions, ie. vanishing 
coordinate and velocity are specified at t = U oi t = tf, respectively. All environment degree of freedom have the 
same time arrow. The effective system equation of motion. 



contains the self energy. 
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Lot, 



(24) 



(25) 



and the retarded system Green function is given by 

du) 



2tt m[{Lo + iTsi)^ — loq] — Sr, (w) 



(26) 



It is easy to see that the poles of the Green function of discrete spectrum have infinitesimal negative imaginary part 
for consistent time arrows, Ts = Te, making the effective dynamics reversible and causal. Conflicting time arrows, 
Ts = — Te, may induce acausality. 

In case of a spectrum with condensation point it is more advantageous to use the spectral function 



(27) 



and the self energy 



Sr.(w) 



(w + iree)2 - f]2 



(28) 



Spectra with condensation point induces nonlocal equation of motion and make the issues of reversibility, causality 
and runaway modes nontrivial. The integration is passing a pole at infinitesimal distance on the complex Jl-plane 
and odd powers of ioj can be generated in the self energy with sign proportional to environment time arrow, sign(Te). 
For instance a simple Ohmic spectral function with smooth suppression at high frequency. 



p(0) = 



yields 



Sr,(w) 



g^TT rio + isign(Te)w 



mil. 



D 



(29) 



(30) 



and an O (O^'^) Newtonian friction force is found in the effective equation of motion (24) in for large cutoff, flo 3> wq. 
The appearance of sign(Te) in ImS^^(a;) indicates irreversibility and the transmutation of the environment time arrow 
to the system. Furthermore there is no protection against having poles of the retarded Green function on the "wrong" 

sheet even for Tg = t,, and the effective dynamics might be acausal [15]. When this happens then the real part of the 

pole represents the frequency scale at which acausality manifests itself. This scale is 0{fl^j^^) for the Ohmic spectral 
function and acausality appears at shorter time scale than the characteristic time of the oscillator or the time scale 
of the friction. It is easy to check that the retarded Green function remains bounded despite the "wrong" sign of the 
imaginary part of the pole. 
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C. Effective dynamics in CTP scheme 



The retarded Green function of continuous spectrum displays several nontrivial features and calls for a more 
systematic construction. This can be achieved within the CTP formalism where the action of our toy model is 

S[S:,y] = ^xbo^X + ^J^Vr^^n^Vr^ + ^ ( J - ^ ^^n j , (31) 
n \ n / 

and the inverse Green functions Dq^ and are given by Eq. (A18), containing the appropriate frequency. The 
effective action 

Seff[x] = ^xD-^x + jx, (32) 

is given in terms of the Green function D = [D^^ — a'Ea]~^ where the self energy, S = X^„ff^G„, has the structure 
of the right hand side of Eq. (8), namely 



^. _ zereSign(a;) ^ 

m ^ (a;2_^2)2 + g2' 

„ \ lb/ 



.,2 



E'(u;) - -Ly (33) 

The effective equation of motion will be sought in the parametrization a;^ = a; ± x'^/2 of the CTP trajectories and 
write the effective action (32) as 

S[x] = x^{D'-'^x + j), (34) 

where 

£>'■ = 7, (35) 

with Dq^ = —df — ujq. is the retarded system Green function according to Eq. (12). The equation of motion for 
x'^ and X yields x = —D^j and x'^ = 0, respectively. 



D. Dynamical breakdown of time reversal invariance 



Irreversibility, the loss of partial time reversal invariance by the environment auxiliary conditions is a dynamical 
symmetry breaking, driven by the impact of the environmental auxiliary conditions on the system dynamics. It is 
instructive to compare this state of affairs with the spontaneous symmetry breaking of a Z2 symmetry which can 
be detected in two different manners. One possibility is dynamical, the following of the time dependence of an 
order parameter and observing its slowing down and becoming frozen at a finite value in the thermodynamical limit. 
Another, simpler possibility is to inspect the static order parameter in the presence of an explicit symmetry breaking 
and verify that it assumes a finite proportional to the sign of the explicit symmetry breaking term even when this 
latter is infinitesimal. Both signatures of spontaneous breakdown of partial time reversal symmetry can be found in 
irreversible; systc;nis. 

The symmetry of the effective equation of motion with respect to time reversal is broken explicitly by the environ- 
ment initial conditions. These initial conditions are first converted within the environment into an infinitesimally weak 
dynamical breakdown of symmetry as — — > 00, acting during the time evolution, as pointed out after Eq. (15). 
In the second step, when the effective dynamics is constructed then this explicit, infinitesimal symmetry breaking by 
= O (e) in the action (14) gives rise to a finite self energy term T,^ in the effective action (32) when the spectral 
representation 



(36) 
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is used with 

cf. (A17). The signs oi and T,^ arc correlated, sign(i4r-''(w))sign(S'''(cj)) ~ —1, according to Eq. (12). 

The thermodynamical limit, carried out in the dynamical test of spontaneous symmetry breaking is the limit of 
infinitely many environment degrees of freedom, A?" ^ oo, in our model. The slowing down of an order parameter 
can be recognized by the non-commutativity of the thermodynamical and the long observational time limits. The toy 
model with condensation point in its spectrum displays such a non-commutativity. On the one hand, arbitrarily large 
but finite system appears discrete for tf — ti — oo. On the other hand, there is no observation within a finite amount 
of time which could resolve the spectrum with N = oo around a condensation point [15] and we have to rely on the 
continuous spectrum formalism. The infinitely many normal modes belonging to the unresolved part of the spectrum 
represent a sink for the system energy and may generate dissipative forces. 
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E. Causality 

The equations of motion only establish correlation between dynamical quantities at different time without separating 
cause and effect and the causal relation can be established by the help of the time arrow as mentioned above. The 
solution of a local equation of motion is always causal because it can be obtained by direct integration where causality 
is guaranteed. But effective equations of motion are nonlocal and the memory term couples external sources to 
dynamical quantities of earlier in time, raising the possibility of causality. It was pointed out after Eq. (26) that the 
effective dynamics of our toy model with discrete spectrum remains causal but it is easy to see that the self energy 
(30) of continuous spectrum has poles with positive imaginary part for certain values of g and Q.d- 

The solution of the equation of motion of a harmonic system, eg. Eq. (24), can be written as a; = Xih + x^, the 
sum of a particular solution of the inhomogeneous equation, Xj/j, and a general solution of the homogeneous one, Xh- 
The latter belongs to the null-space of the linear equation of motion and is adjusted to satisfy the desired auxiliary 
conditions. Note that the null-space component of the trajectory drops out from the action thus this adjustment is 
carried out "by hand", by the choice of an infinitesimal imaginary part of the poles of the Green function, used to 
obtain x. This procedure is replaced in the CTP scheme by a functional definition of the retarded Green function, 
based on (19), where the imaginary part of the CTP action leads to a well defined pole structure. 

The apparent conflict between acausality, arising in case of spectrum with condensation point and the trivially 
causal trajectory given by the direct integration can be resolved by recalling that any integration quadrature, based 
on the iteration t ^ f + At of a discretized version of Eqs. (21) implies a double limit, namely N oo and At 0. 
The continuum limit. At — > 0, carried out first leads to equations which are local in time and therefore causal. If 
the spectrum has condensation point then we have need continuous spectrum and we carry out the thermodynamical 
limit, N ^ 00, first. Let us suppose that we can solve the finite difference equations sequentially, for one coordinate 
after the other, for a given time. The solution of each second order finite difference equation extends the time interval 
from which the coordinates are used by 2At, backward in time. Therefore such an equation of motion may become 
nonlocal and develop memory, allowing acausality. 



F. Runaway solutions 

It is not difficult to find spectral function to the self energy (36) which keeps the Hamiltonian bounded from below 
and produces the local equation of motion, 

= 7'i' - x + u}qX, (38) 

with solution, 

x{t) = c+ cosiv+t + C- cosw-t + Cre'^^*, (39) 

where uj± = ztcji + ioj2, lj2 = O (7), ojr = +0 are the roots of the equation = ijoj^ + uj"^ — ojq and c± and 

are constant. How could a runaway solution and instability arise in a simple, stable harmonic model? 

The runaway trajectory is indeed a true solution of Eq. (38) but the application of an effective equation of motion 
is more restricted than that of an elementary one as far as the auxiliary conditions are concerned. The toy model 
(23) has -|- 1 degree of freedom and the elimination of the environment uses 2N auxiliary conditions. We are thus 
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left with two auxiliary conditions to impose on the system coordinate and these are not enough to identify a solution 
the effective equation if there are higher order derivatives. 

A safe solution to this problem can be found by imagining a thought experiment to observe the system. One 
starts at a sufficiently early time and let the system evolve under the influence of some external fields, prepared by 
the experimenter. These fields drive the system adiabatically to the desired state of motion by the beginning of 
the observation when they are turned off. This can easily be realized in a calculation by means of retarded Green 
functions, derived in the limit tf — U ^ oo as described in Section II C and the system initial conditions are now set 
by the external source. 

The usual calculation of the retarded Green function of Eq. (38), based on the use of residuum theorem, shows 
that thought the Green function may not be causal nevertheless it remains bounded in time, \D{t)\ < oo, the runaway 
solution is used in the acausal contribution, for f < only. In other words, the time arrow is introduced for a half 
time axis only and the time is allowed to run in that infinite half interval, either before or after observation, where 
the solution is bounded. The retarded Green function, obtained by means of the residuum theorem automatically 
excludes runaway solutions and the unstable modes signal acausality. 

IV. POINT CHARGES 

Let us now finally consider a system of point charges moving in the presence of an external electromagnetic field 
A^{x), described by the action 

S[x,A] = -Y.fds {m,c^^) + -x>:,{s)[Al{xa{s))+A^{xa{s))]) [ dxF^'^Q{n)F^. (40) 

where x^{s) denotes the world line of the o-th point charge, the parameter s is chosen to be the invariant length after 
the variation of the world line, F^^y = — d^A^^^ and an UV regulator Q is introduced, indicated a smearing of 

either the EM field or the current. An UV regulator has already been used electrodynamics [16] but the regulator, 
applied in this work satisfies more stringent conditions, specified below. The effective action for the charges [17], 

S,ff\x\ = -TOoc^ y ds (^./^) + -x^^{s)Al{xa{s))) - 277^ ^ / dsds'x^^s)D^{xM - a;b(s'))i6(s'). (41) 

a a, 6 

involves the symmetric near field Green function, £)"(x) = £)"(— x) = — 5^(a;^)/47r which contains a regulated Dirac- 
delta and produces the equation of motion 

moci„ = -(F« + F")a;„ (42) 
c 

where _F" and f denote the field strength tensor of the near field of the charge and the external field, respectively. 
The effective theory (41) does not contain radiation and a possible, non-conventional way to recover it is to assume 
that all electromagnetic radiation is finally absorbed [18] . Instead of following this line of thought we construct the 
effective theory within the framework of the OTP formalism where the issue of retardation is handled in an automatic 
manner. 



A. CTP effective action 

The full charge plus EMF system is described by the CTP action 

ScTp\x,A\ = 5[a;+,^+] - 5*[a;-, A"], (43) 

where the single time axis action is taken over from Eq. (40), supplemented by the shift A\ ^[a;, A\ — icA? /S-k. 
The time translation invariant action (15), used here for the EMF yields 

scTP[x,A] = rf*-("iocv'iF(^+^irw[^r«w)+^^«w)]) 
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The effective action 



^eff[x] = -moc'^ I ds[\j xf^is) - \Jxa ^(s)] + ^ / dsds'xa{s)(7D{xa{s) - X},{s'))aXb{s'), (45) 

a J ^ a,b'' 

can easily be obtained where the matrix a is generated by the negative sign on the right hand side of Eq. (1) and the 
massless CTP Green function is given by the Fourier transform of Eq. (A25), 

where e{x) = sign(a;). The effective action is now given by 

Seffix] = -mocJ2 I ds^xl{s)+'^Y, I dsds'[x+5t{{xl - x'+ f)x'+ - x-5i{{x- - x[-f)x[-] 



a.b 



+ dsds'xieixt°-x'i'')S,{{x+-x'i f)x'i, (47) 

where the notation x — x(s), x' = x{s') is employed. 

The structure of the effective action (47) shows clearly the way interactions are organized in the CTP scheme. An 
elementary interaction between particle a and h contributes to the action by ^Sab = e'^Xax'^/2 up to a sign. The 
interactions which were called closed above are independent of the orientation of the time and are mediated by the 
symmetric, near field Green function. This is in agreement with the well known fact that the near field created by 
a point charge system remain localized and the energy-momentum of the charge plus its near field is preserved in 
the absence of outgoing radiation. The open interactions are described by the far field because the radiation field 
decouples from the charge. Their contributions to the influence functional in the second equation of (47) can be 
written as 

ASl,{s, s') = ASf{s) - ASlis'), (48) 

where AS'/(s) corresponds to the action of the far field component of the Lienard-Wiechert potential, emitted by the 

charge c at the event, labeled by the value s of the invariant length . In fact, the effective action is just the action 
of the full charge and EMF system where the EMF is expressed in terms of the charge coordinates and the negative 
sign in (48) results from the relative minus sign of the contributions of the two time axes on the right hand side of 
Eq. (1). The two trajectories of the CTP doublet are matched at the end of the motion in the original, elementary 
description where both the charges and the EMF are present thus both time axes must have the same the EMF field 
at the final time. The contributions of the far field components of the two time axes cancel during the time when 
these field components are identical on the two time axes. Hence the far field contribution appears localized between 
its emission times on the two time axes and it appears as if the far field would leave the charge at a given moment and 
would be absorbed at another time, just as in the case of QED. It is remarkable that system-environment interactions 
which make the system open are odd with respect to time reversal and can transfer the environment time arrow to 
the system [4]. 



B. Regulcirization 

Now we address the problem of UV singularities of the self-interaction of point charges. The regularization of the 
Dirac-delta can be done easily in the near field Green function but special care in needed in the case of the far field 
Green function where the singularities of the distributions 6{x^) and e(x°) must be shifted away from each other. The 
problem can be seen by noting that contributions to the effective action, containing e(a;°) are not Lorentz invariant 
and must be suppressed to recover a Lorentz invariant effective dynamics. This is a problem of point charges only 
because Lorentz invariance remains intact for continuous charge distribution. In fact, the limit a;° — >■ appears 
together with a; ^ in the effective action (47) , because a pair of events with space-like separation plays no role in 
classical dynamics (a 7^ 6) , and the interaction of continuously distributed charges mediated by the far field is regular, 
therefore it is negligible in sufficiently small volume (a = 6). 

The regulated Dirac-delta which is chosen to be equivalent in the near and far Green function to keep the EMF 
causal should satisfy the following conditions: The suppression of the divergence, arising from the time derivative 
acting on e{x^) requires 



6e{0) = 0. 



(49) 
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Due to Lorentz invariance the Dirac-dclta of the far field Green function assumes the same value at space-time 
events visited by the massless radiation field. This value must obviously be non-vanishing which together with the 
property (49) forces us to shift the support of the regulated Dirac-delta slightly off light-cone. To recover the correct 
energy-momentum flux of the radiation field we need 

/ dxdeiz) = 1 (50) 
Jo 

for any fixed a > as £ — >■ 0. Lorentz invariance requires the separation of the future and the past components of 
the support of the regulated Green function in such a manner that each of them have a unit weight at any space 
separation. A possible regulated Dirac-delta, satisfying these conditions is of the form 

'5.W = ^---- (51) 

Note that the condition (50) solves another problem of the self-force: One understands the factor 27r in front of the 
second term in the right hand side of Eq. (41) as 1/2 times 47r where the factor half represents the double counting 
of interactions by the independent summation over a and b. But this generates an unwanted factor half for self 
interaction. This factor is compensated by integrating over both the past and the future light cone in the calculation 
of the Lienard-Wiechert potential of a point charge. 



C. Lagrangian of a single charge 

We are interested in the radiation reaction force therefore it is sufficient to consider the effective action (47) for a 
single charge. Thought the external field is an essential ingredient to induce radiation reaction in case of a single 
charge it appears in the equation of motion in a trivial manner and will be suppressed. It is advantageous to use the 
parametrization = x ± x'^/2 because we know that a;'' = holds for the solution thus it is sufficient to calculate 
the effective action up to O (x'') . The free action is of the form 



Sfree[x] = - ^ aruoc J ds\j {x + ^x'^^ (52) 

and the near and far field contributions to the influence functional are 
S:^ff = dsds'[x'^x'Se{R^) + xx'6'),{R^)RR% 

Siff = ~ J dsds'{2xx'[€{R°)Rx'^6'e{{R^)) + x'^°6{R°)Se{{R^)]-x'^x'e{R°)5eiiR^)}, (53) 

respectively where R = x'—x and R'^ = x"* — x''. The dominant contribution to the integrals comes from s ~ s' and the 

non-locality of the dynamics is O (£). We write x' w x + ux + u^'x /2, R w ux + u'^x/2 + u^'x /6 and R^ ~ u^ — u^x^/12 
where u = s' — s and introduce the moments 

/oo 
du5'f\u'')\u\'' = c,-,fc£^+i-2W+i), (54) 
-oo 

where s''/\z) — d^5i{z)/dz^ . The relation = —{k + l)aj,fe/2 holds for arbitrary value of i and the property 

aj,2fe+i = Sj^ki—^yj^- is recovered in the limit £ — >■ 0. 

The effective Lagrangian will be calculated in two approximations, first by ignoring O (£) terms which vanish when 
the cutoff is removed but keeping high powers of x, next by skipping O (x'^) anharmonic contributions but keeping 
all cutoff dependence in the quadratic Lagrangian. A straightforward calculation gives the O (x'') Lagrangian 



.. , co,oe .. 2e ..3 
mocx+ X - -^\'x -\-x X) 



(55) 



up to vanishing contribution as £ — )■ after ignoring total s-derivatives. The omitted terms which vanish in the limit 
£ ^ include higher order derivatives and non-linear combinations of x. 
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To find the full cutofF-dcpcndcncc of the quadratic action we return to the influence functional (53) and write the 
quadratic part of the corresponding Lagrangian as 



Lgf f = x''' Imocx -\ J du5'^{u^)[x{s + u) — ux{s + u) — x]> 



(56) 



after ignoring total derivatives and terms O (cc''^) and O (x^), where S'{a) = dS{z)/dz and the argument s is sup- 
pressed, x(s) = X. The cancellation between the near and far components of the self energy is complete in the future 
for £ 0, leaving behind a memory term and a Voltcrra-typc intcgro-differential equation of motion. A simple power 
counting is sufficient to find the behavior in the limit £ — > 0, the dominant contribution to the integral comes from 



u = O {£) and the; order of magnitude S'^iu'^) = O I 



shows that O (u") terms are divergent when n < 2, flnite for 



n = 3 and vanishing for n > 4 as £ — >■ 0. These contributions are separated by writing Eq. (56) as 



Jeff = X < mocx ■ 



cp.oe 
2c2£ 



2f_ 
3c 



x + 



4e^ 



du5'^{u'^) 



x{s + u) — ux{s + u) — X + —X 



(57) 



where the square bracket in the integrand approaches zero sufficiently fast at u 
vanishing as ^ — )• 0. 



to make the whole integral 



D. Renormalization 



A divergent, O {£~^) part of the Lagrangians obtained above can be treated as a mass renormalization in a manner 
similar to quantum field theories. The the renormalization, the removal of the cutoff is carried out by keeping the 
O (x) term of the Lagrangian cutoff-independent, ie. by making the bare mass cutoff-dependent. 



mo{£) = m — 



co,oe 



2c2£ ' 

where m is the observed, physical mass. The resulting equation of motion, 

e . 



mcx 



-F^x + TK 



where the external fleld is reintroduced again, involves 



K=—x- — / dudUu^) 
3c c ' 



x[s -\- u) — ux[s -\- u) — X -\- —X + — : 



■0{x^ 



(58) 



(59) 



(60) 



where the projector T'"'' 



x^^if , arising from the expansion of the regulated Dirac-delta, projects on the trans- 



verse subspace of x. The the cutoff-independent, O (£°) Abraham-Lorentz force comes from the far field component 
of the self energy, the first term in the right hand side of the second equation of (53) and its sign changes if the time 
arrow of the EMF is flipped, indicating that this force is generated by the spontaneous breakdown of partial time 
reversal invariance and represents the time arrow transferred dynamically from the EMF to the charge. The equation 
of motion (59) is linear except the projector, which represents a modest partial resummation of the O (x'^£) terms, 
arising from the expansion of the regulated Dirac-delta. 

Note that the Lagrangian (56) docs not contain higher order derivative term for £ ^ Q. The first term on the right 
hand side of Eq. (60) survives the limit £ — )■ due to the singularity of the memory kernel, the factor S'iv?") of the 
integrand. The cutoff-independent Abraham-Lorentz force is generated by the nonuniform convergence of the memory 
term of the effective Lagrangian in the limit £ ^ Q. The convergence must be non- uniform because the EMF Green 
function is a generalized function, distribution, which can not lead to uniformly convergent integral. 

To find physically better motivated parameters we evaluate the Lagrangian (56) for the world lines x{s) = Xoe~^'^^ 
and x'^{s) = x'^. The choice of the regulated Dirac-delta (51) which gives co,o — 1/3 leads to 



'eff 



-x'^xomoCLO^ 



1 + 



Ao 1 -|- i£ui 



6 {l-Uu)^ 



(61) 



with Ao = /mQ(?£. One can write this expression by absorbing the cutoff-dependence into the renormalized param- 
eters as 



'eff 



-x'^xomouP' 



(62) 
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where m = too(1 + -^0/6) and 

^ = ^ = ^- (63) 

denotes the classical charge radius expressed in units of the UV cutoff. It plays the role of a renormalized strength of 
self interaction, described by the Abraham-Lorentz force in the renormalized theory. The bare coupling constant, 

Ao = (64) 

^ 6 

as the function of the cutoff possesses a pole in as in case of the Landau-pole of perturbative QED where the diverging 
coupling constant is induced at the Landau pole by the one-loop photon self energy. But there is no EMF self-energy 
for fixed charge world lines and our singularity arises due to the mass renormalization. 

The parametrization (34) of the action allows us to read off the retarded Green function of the Lagrangian (56), 
describing the response of a non-relativistic charge with quadratic free Lagrangian on space independent external 
field, 

6(1— 

The integrand has five poles, two of them are in the vicinity of zero and give a term proportional to the time as £ — )■ 0, 
describing the free, causal motion of the charge. The remaining roots are 



= 1 



Ao , q 



i ( Ao(l±zV3) (1tV%\ 
""^"H ^^)' 

with q = \/ Ao(18 + \/324 — 2Ao). The imaginary parts of the poles are shown in Fig. 1. The charge dynamics is 
causal for I > r^/A but the exact position of the loss of causality naturally depends on the choice of the regulator. A 
pole is on the "wrong" sheet for ^ < ro/4 but the runaway modes do not lead to unstable motion according to Section 
IIIF, the Green function turns the runaway modes off at the time of observation. Both the real and the imaginary 
parts of the poles display a singularity at the classical Landau-pole, i — r^/Q. 

It is natural that a regulated, cutoff theory shows unusual, nonphysical features at the cutoff scale, represented by 
the modes with finite iuj in our case, eg. uj± = (±-\/7— 3i)/2^ as £ — >■ 0. The reflection of the cutoff-independence of 
the Abraham-Lorentz force, mentioned above is that the frequency of the mode, representing this force has a cutoff- 
independent, finite limit, uji 3i/2ro in the renormalized theory. The radiation reaction force extends acausality 
beyond the UV cutoff length, to the internal length scale, tq . 



E. Classical anomaly 



The effective dynamics of point charges, outlined above, displays remarkable UV sensitivity which arises from two 
sources. First, the EMF is divergent at the location of a point charge and second, certain manifestations of the 
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radiation reaction force can be viewed as a magnifying process. In fact, energy-momentum conservation correlates 
the short distance structure of the EMF around the charge with the radiation field. The latter decouples from its 
source and carries this information over large distances. Such a sensitivity of the radiation field on the microscopic 
details of the charge distribution explains the inconsistencies, found in direct calculation of the Lorentz force [19] and 
its inference by means of energy-momentum conservation [2]: The reaction force acquires an artificial multiplicative 
factor 4/3 in the limit £ — >■ when the narrow world-tube of the almost point-like charge lacks Lorentz contraction. 

The magnification eflfect of the radiation field stems from the absence of ingoing spherical waves in the radiation 
field, from the radiation time arrow. This time arrow generates a friction force in the effective charge dynamics, 
reflecting the dissipation of the energy of the charge to infinitely many IR EMF modes and explains the IR sensitivity 
of the massless EMF dynamics. In fact, the restriction of the EMF into an arbitrary large but finite volume renders 
its spectrum discrete and restores reversible effective dynamics. 

UV singularities are known to play role in quantum effects of finite scales and this mechanism has a somehow 
unfortunate name, anomaly, because it was not expected that phenomena with very different scales can be coupled 
to each others. The cutoff is sent beyond any observation scale in the renormalization procedure and drops out from 
relations among observed quantities. It was therefore surprising that the presence of an arbitrarily distant cutoff leaves 
a finite trace in relations among observables. For instance, the rule of partial integration in the action is modified 
for a non-relativistic particles [20]. Such an O (h) effect of the canonical commutation relation, a quantum anomaly, 
is due to the nowhere differentiable fractal nature of trajectories which dominate the path integral expressions of 
non-relativistic quantum mechanics. 

The diverging number of one particle states leads further UV singularities in quantum field theories where certain 
symmetries, such as scale invariance [21] or chiral symmetry [22] are not preserved. Such anomalies result in pertur- 
bative quantum field theory from the non-uniform convergence of loop-integrals as the UV cutoff is removed. The 
order of the integration and the removal of the cutoff can be exchanged without modifying the integral as long as the 
loop-integral is uniformly convergent. One can first perform the subtraction of the BPHZ renormalization scheme on 
the integrand itself [23] in this case, leaving behind no cutoff effects in the renormalized perturbation expansion. But 
loop-integrals without uniform convergence which are accidentally UV finite and receive no regulating counterterm 
may converge in a non-uniform manner and retain finite cutoff effects even for arbitrarily large values of the cutoff. 
Quantum anomalies arise in similar fashion, as well [24] . 

The sensitivity of the reaction force on the details of the charge distribution in the point-like limit, such as the 
factor 4/3, mentioned above is a classical UV anomaly in this sense. The Abraham-Lorentz force is anomalous, too, 
because it results from the non-uniform convergence of the only loop-integral of the effective theory, according to the 
remark, made after Eq. (60). 

Lorentz symmetry might anomalously be broken in classical electrodynamics of point charges and our regulator 
had to be carefully chosen to avoid the loss of relativistic symmetries. This is reminiscent of the Schwinger term in 
quantum field theory, the anomalous contribution to the commiitator of global Noether currents which arises from 
the time ordering in the Feynman propagator [25]. Anomalous Schwinger term appears in classical field theory, as 
well, when the commutator is replaced by the Poisson bracket [26] . The divergence encountered in this work can be 
considered as a generalization of such singularities beyond conserved currents. 

V. CONCLUSIONS 

The effective action was constructed in this work for point charges in classical electrodynamics. To accommodate 
the dynamical breakdown of time reversal invariance and the resulting dissipative forces in the action principle 
the CTP formalism was used in classical setting. This scheme (i) distinguishes the non-time reversal invariant 
contributions coming from the initial conditions and from the equations of motion, (ii) offers a simple view of the 
origin of irreversibility in effective theories and (iii) separates clearly the near and far field components of EMF. This 
latter feature leads to two separate classes of the interactions in the effective theory of charges, those which remain 
localized to the charge system from those which decouple from the charges. Since CTP does not impose constraint 
on the time evolution and can handle initial condition problems this version of the action principle can easily handle 
the radiation field, the key ingredient of the reaction force. 

The well known Abraham-Lorentz force and the divergent renormalization of the mass have been reproduced and 
the linearized equation of motion was obtained by retaining the full cutoff dependence. The similar origin of the 
Abraham-Lorentz force and anomalies has been pointed out, namely these are cutoff-independent effects due to the 
non-uniform convergence of loop-integrals. The strength of the radiation reaction force displays a pole in its cutoff 
dependence in a manner reminiscent of the Landau pole. 

It is argued that as soon as higher order derivatives appear in an effective equation of motion then the solution can 
not be found by imposing auxiliary conditions, rather one has to use Green functions. When these latter are obtained 
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by the application of the residuum theorem then they always deseribe stable motion, without runaway solutions. The 
runaway mode, appearing at £ <^ tq lead to acausality at the scale Tq. 

Quantum effects pose further challenges. The classical argument is based on a double limit, both the Planck constant 
and the size of the charge distribution or the UV cutoff, £, are sent to zero. These limits do not commute and the wrong 
order is followed whenever the point charge limit is pursued in classical electrodynamics. The equation of motion, 
derived above remains the same for the expectation value of the charge coordinate, as far as non-relativistic motion 
is concerned. In fact, the classical linear equations, derived from a quadratic action are satisfied in the quantum case 
by expectation values. Therefore true quantum corrections without classical counterpart show up through world lines 
with non-monotonous dependence of time in the proper time which correspond particle-anti particle pair creation. 
It remains to be seen how do such self-energy corrections correct the radiation reaction force in the effective path 
integral description of the charge. 



Appendix A: CTP Green function 



The 2x2 CTP block Green function is derived in this Appendix first for a harmonic oscillator [4] , a massive scalar 
field and the EMF. 



1. Harmonic oscillator 



The simplest building block in constructing the Green function for free fields is a single harmonic oscillator, described 
by the action 

SM = ldt(^^i^-^.^). (Al) 

We follow its time evolution in discrete steps, by taking tj = jAt — T, j = 0, . . . , N, with At = T/N. The time 
interval of the motion is chosen to be [— T, 0] in order to remove ambiguities at the final final in the limit T —> oo. 
The CTP action (1), 

Sctp[x+,x-] = \Y1 E <(£'o')r;*''<''+E E "^tAU (A2) 

(T,a' At-T<t,t'<0 T At-T<t<0 

where z = xq and 

(^o"')m"' = {^^ikt'+At + St,t'-At - 26t,t') + Atmn'^St^t') - iAtmeSt, 

M = -^.--S- (A3) 

can be written as 

S[x\ = ^xDq^x + xAz. (A4) 

The calculation of the Green function, the quadratic form of the effective action for x can be carried out by 
finding the functional W\j\ = S[x\ + xj, cf. Eq. (16). First we eliminate x by means of its equation of motion, 
x = -Do{Az+j), yielding 

W[j] = —zADqAz - zADoJ - ^jDol (A5) 
Next we eliminate z by means of its equation of motion, z = —ADoJ/ADoA, to find 

W\j] = -ljDj (A6) 



with 



D = Do- DoA . ^ A Dq. (A7) 
ADqA 
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The detailed expression for this Green function comes from the representation 

xit) = Y y 5n sinw„t (A8) 

of discrete trajectories x{—T) = x{0) = defined a.t t = jAt, j = —N, . . . , — 1 where a;„ = ^n. For the construction 
of the Green function (A7) we need 

^ / /N 2 sin^nisin^ni' ^ 

n=l Ai^ 21 



and its special values, 



2 sin ^nt sin ^nAt 



^ X ^ TtT / 1(/ Dili TfT / fci-lt- , . 

i.oft,-At) = --E (4._J^,, , (AlO) 



and 



2 sin^ ^riAt 

We remove first the UV cutoff by carrying out the hmit N ^ oo which is not uniform owing to the non-differentiabiHty 
of the OTP trajectory at the final time. This is followed by the removal of the IR cutoff, T — >■ oo, yielding 



DoM = / diJ : 

27rm J_^ u) 



2mfl 

for t, t' < 0, together with 



2 - 02 + 



(A12) 



Doit, -At) = / rfw^— 

7rm - 



02 + 



le 



-—e(i^+^)t (A13) 
m 



and 

,2o2 fOc 



Do(-At,-At) = / l-sin2- + / dui 

m-K Jq \ 2 J m-K Jo 



W2 - 02 + 



At .At2o 

TO TO 



(A14) 



The initial condition decouples after sufficiently long time evolution if some relaxation is present but the final condition 
on the CTP trajectories remains always relevant, motivating the use of the time interval — T < t < 0. The full CTP 
propagator, given by (A7), 

^ i /g-init-t'i gin(t-t')\ 

^^^'*'^^~2^[e-'''^'-''^ e*f^l*-*'lj' ^^^^^ 

recovers translation invariance in time. Its Fourier transform, 

D{iv) = j dte''^^D{t,0), (A16) 

turns out to be 



1 f -27riG(-u;)J(c.2-02) 



D{uj) = -l „ -r^f Z+'i o2^ 1 • (A17) 

^ ^ TO \-2TTie{uj)5{0J^ - 02) / V ^ 
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The inverse Green function can be obtained by means of the representation ^e('^) = w/7r(a;^ + e^) of the Dirac-delta 
inEqs. (12)-(13), 



£'0 ^ (^) = 'T^cr 



2 o2^ A \ ^.^ / 1 2e(-u;) 



(A18) 



or 



= _ j^2^ ^^1/ ^ jsign(w)e, L»o " = e. (A19) 
2. Scalar field 

The Green function can easily be found for free field in a similar manner. The expression (A7) for the Green 
function remains valid with 

i^p) = -5t,-At^ (A20) 

given for the Fourier mode p and 



TV 



Tm J [2^^ ^ ^ sm^ tt^ - + 

where il{p) = v'm^ + for a scalar field of mass m, in units c = ?l = 1. The limit T ^ 00 gives for the Fourier 
transform 



Dip) = J dte'P''D{x) (A22) 

the result 

-27rie(-p0)5(p2 - to2) 



The inverse Green function can be written as 



= (/ — ^) ^ + - _.«\.o. ^ . (A24) 



1 o\ / 1 -2e(-/) 

-l)^'^[-2Q{p°) 1 

3. Electromagnetic field 

The transverse part of the EMF Green function is given by a scalar massless Green function up to a sign, 

_ pV\ ( At. -2,ie(-p»)i(p») 



The longitudinal part depends on the gauge fixing and drops out from the effective action due to current conservation. 



[1] L. Landau, E. Lifsitz, Classical Theory of Fields, Addison- Wesley, Cambridge, Mass. 1951; A. O. Barut, Electrodynamics 
and Classical Theory of Fields and Particles, MacMillen Co., New- York, 1964; F. Rohrlich, Classical Charged Particles, 
Addison- Wesley, Reading, Massachusetts 1965. 

[2] P. A. M. Dirac, Proc. Roy. Soc. A167, 148 (1938). 

[3] J. Schwinger, J. Math. Phys. 2, 407 (1961); Particles and Sources, vol. I., II., and III., Addison- Wesley, Cambridge, Mass. 
1970-73. 

[4] J. Polonyi, to appear in The Time-arrow and Anthropic Principle, Open Academic Press, Berlin, arXiv:1206.5781, 
[5] L. P. Kadanoff, G. Baym, Quantum Statistical Mechanics, Benjamin, New- York (1962). 
[6] L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) (Sov. Phys. JETP 20, 1018 (1965)). 



18 



[7] Y. Aharonov, P. G. Bcrgmann, J. L. Lobowitz, Phys. Rev. 134, B1410 (.) 

[8] H. Umczawa, Advanced Field Theory: Micro, Macro and Thermal Physics Am. Inst, of Phys. (1993). 

[9] R. P. Fcynman, F. L. Vornon, Ann. Phys. 24, 118 (1963). 
[10] E. A. Calzetta, B. L. A. Hu, Nonequilibrium Quantum Field Theory, Cambridge University press, 2008. 
[11] R. D. Jordan, Phys. Rev. D33, 444 (1986), J. Polonyi, Phys. Rev. D74, 065014 (2006). 
[12] J. Polonyi, K. Zazoua, Phys. Rev. D85, 065013 (2012). 
[13] M. Planat, J. Polonyi, Phys. Rev. D82, 045021 (2010). 

[14] R. J. Rubin, J. Math. Phys. 1, 309 (1960); J. Math. Phys. 2, 373 (1961); J. R. Scnitzky, Phys. Rev. 119, 670 (1960); G. 

W. Ford, M. Kac, P. Mazur, J. math. Phys. 6, 504 (1965); P. UUersma, Physiqca(Utrecht) 32, 27 (1966); A. O. Caldeira, 

A. J. Leggett, Phys. Rev. Lett. 46, 211 (1981); Ann. Phys. (N.Y.) 149, 374 (1983). 
[15] J. Polonyi, Phys. Rev. D84, 105021 (2011). 

[16] R. P. Feynman, Phys. Rev. 74, 939 (1948); J. Prenkel, Phys. Rev. E54, 5859 (1996). 

[17] K. Schwarzschild, Gottinger Nachrichten 128, 132 (1903), H. Tetrode, Zeits. f. Physik 10, 317 (1922), A. D. Fokker, Zeits. 

f. Physik 58, 386 (1929); Physica 9, 33 (1929); Physica 12, 145 (1932). 
[18] J. A. Wheeler, R. Feynman, Rev. Mod. Phys. 17, 157 (1945). 

[19] H. A. Lorentz The Theory of Electrons and Its Applications to the Phenomena of Light and Radiant Heat, Dover, New 

York, (1962); M. Abraham, Ann. Physik 10, 105 (1903). 
[20] L. S. Schulman, Techniques and Applications of Path Integration, Wiley-Interscience PubL, New York. 
[21] S. Coleman, E. Weinberg, Phys. Rev. D7, 1888 (1973). 

[22] S. Adicr, Phys. Rev. 177, 2426 (1969), J. Bell, R. Jackiw, Nouv. Cim. 60A, 47 (1969). 
[23] J. Collins, Renorrnalization, Cambridge University Press, Cambridge, 1984. 
[24] J. Polonyi, Ann. Phys. 252, 300 (1996). 

[25] R. Jackiw, in Current Algebra and Anomalies, edt. S. B.Treiman, R. Jackiw, B. Zumino, E. Witten, Princeton Univerity 

Press, Princeton, 1985. 
[26] D. G. Boulware, S. Deser, Comm. Math. Phys. 10, 327 (1970). 



